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Possible fractional quantum Hall effect and Wigner crystal
states in two-dimensional Coulomb gases as a result
of anyon correlations
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B Hameil HemaBHO OmMyONMKOBaHHON PabOTE€ MBI BBIBEIH IMPUOIIKEHHYIO aHAJIMTHYECKYIO
(dbopMyIy AN SHEPTHH OCHOBHOTO coCTOsHHS (2D) raza u3 3apsHKCHHBIX 3HHOHOB. DTOT
pe3ynbTaT MO3BOJIMII HaM B HACTOAMIEH paboTe OIIEHUTh OOMEHHO-KOPPEIAILIMOHHYO SHEPTHIO,
KOTOpasi, KaKk XOpOIIO M3BECTHO W3 JINTEPATYpPHl, SABISIETCS PA3HOCTHIO SHEPTUH OCHOBHOTO
cocrostHUs W dHeprun XapTtpu-DPoka st (epMHOHOB C DHHOHHBIM IMapaMeTpoMm v=1, u
c(hopMyIHpPOBaTh SHHOHHYIO-KOPPEISIMOHHYI0 SHEPTHIO UL OCTAIBHBIX V<1. MUHHMYyMBI
nocienHel s BceX (MKCHPOBAHHBIX 3HAYEHUH V, TOYHO TAKXKE KaK M MHHUMYMBI JUIS
SHEPrUHM OCHOBHOT'O COCTOSIHUS TIPH TE€X K€ V, ABISIOTCS (DYHKIMSAMHU TOJIBKO V, YTO O3HAYaeT,
YTO OHM SIBJSIFOTCSI 3aBUCHMBIMH TOJIBKO OT SHMOHHOW CTAaTHCTHKHM Oe3 BiusSHHSA d(derra
KyJIOHOBCKOro B3amMozeicTBusa. OrTcroma Mbl 3aKII04aeM, 4YTO JOJDKHA BO3HHKHYTh
JIOKaIN30BaHHAs B PEaJbHOM IPOCTPAHCTBE MAKPOCKOIIMYECKas CTPYKTypa Il JI0O0ro
¢ukcupoBanHoro 3HaueHus v u3 v<l. Tak, K mpuMepy, HMOCKOIBKY (DAKTOp 3arOIHEHUS
yposust Jlangay (®3VYJI) mist kBazuuactuil ApodHOro kBaHToBOro 3ddexra Xomia (JJKIX)
paBHSETCS SHHOHHOMY IIapaMeTpy, TO 3T KBAa3WYACTHIBI JOIDKHBI KOHIEHCHPOBATHCS B
HEKOTOPYIO CTPYKTYpPY B peallbHOM mpocrtpaHcTBe mpu jganHoM D3VYJI, dopmupys miato
JIOKX u nokaswiBas, uro JIOKX sBnsercs pe3ynbTaToM SHHOHHBIX Koppensuuid. C apyroi
CTOPOHBI, BbIpa)kas YHNOMSHYTYIO BbIIe (DYHKIMIO MHHHMYMOB IIO V 4Yepe3 MHapaMmeTp
IUIOTHOCTH Iy KyJIOHOBCKOIO Ta3a, Mbl IIONy4aeM 3HAueHHs I, IPU KOTOPHIX MOXKHO
HaOmonare 2D BurHeposckuil kpuctamun (BK). MHTepecHO OTMETHTH, YTO OIXHOBpPEMEHHOE
nHaOmonenue B skcriepumente JJOKX u BK cocrosHuii HaxoauTcst B COOTBETCTBHU C HALIUM
PaccMOTPEHHEM.

KiroueBble ci10Ba: 5HNOH, Koppensuus, 2D 3apskeHHbIN ra3, MaKpOCKOITMYeCcKasi CTPYKTypa.

Recently, we have derived an approximate analytic formula for the ground state energy of (2D)
charged anyon gas. This result allows us in the present paper to estimate the exchange-
correlation energy, which is as it is well known from a literature the difference of the ground
state energy and the Hartree-Fock energy, for fermions with the anyon parameter v=1, and to
formulate the anyon correlation energy for other v<1. The minima of the last one for all fixed
values of v as well as the minima of the ground state energy at the same v are only the v
dependent, which means they are only the anyon statistics dependent with no effect of the
Coulomb interaction. From this, we conclude that there should appear the localized real space
macroscopic structure for any fixed v from v<1. For instance, since the Landau level filling
factor (LLFF) of the fractional quantum Hall effect (FQHE) quasi-particles is equal to the
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anyon parameter then these quasi-particles should condense in the some real space structure at
this LLFF, forming the FQHE plateau and showing that the FQHE is a result of anyon
correlations. On the other hand, expressing the above mentioned minima function of v through
the density parameter rs of the Coulomb gas, we obtain the values of rs, for which the 2D
Wigner crystal (WC) can be observed. It is interesting that the simultaneous observation of the
FQHE and WC states in accord with our consideration.

Keywords: anyon, correlation, 2D charged gas, macroscopic structure

The two-dimensional (2D) gas of electrons or
holes of semiconductors, measured at strong external
magnetic fields and low temperatures, displays very
interesting phenomenon, which calls the fractional
quantum Hall effect (FQHE). In this effect xx and xy
components of the semiconductor magneto-resistance
exhibit deep minima and plateaus, respectively, at the
fixed fractional numerical values of the Landau level
filling factor (LLFF) [1]. Three physical factors: in-
ter-particle Coulomb interaction, the strong magnetic
field and an external disorder, are crucial for the for-
mation of the FQHE [2, 3]. It was suggested in the
reviews [2, 3] that above mentioned plateaus of the
FQHE are results of a disorder and impurities in a
sample. The effect of localization of the FQHE real
space structure as well as of a 2D Wigner crystal
(WC) in this disorder was demonstrated in the Ref.
[4].

However, as it was demonstrated in the experi-
mental paper, Ref. [1], and in the theoretical work,
Ref. [5], these structures are free in the space and not
pinned by the disorder and impurities. In the present
paper we show that the localization of the FQHE real
space structure and of the WC without the disorder
and impurities is possible. For the explanation of this
effect, we use the finding (see reviews [2, 3] and
book [6]) that elementary excitations or quasi-
particles, appearing from the system ground state at
some fixed fractional values of the LLFF, are respon-
sible for the FQHE, these quasi-particles are anyons,
and the anyon factor equals to the LLFF fractional
value. More clearly, we demonstrate in the present
paper that the ground state energy of 2D Coulomb in-
teracting anyons without magnetic field has a mini-
mum at any fractional value of the LLFF and the
physical origin of the FQHE and the WC is in this
minimum, while the physical origin of the minimum
is in the correlations of these anyons.

Earlier, there were made several attempts to find
the FQHE states through the calculation of the
ground state energy minima of 2D gas of electrons in
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the strong magnetic fields at fixed fractional values of
the LLFF [7, 8]. In Ref. [8] for the calculation of mi-
nima of the same problem, we have used anyons to
represent fermions and bosons. Calculations [7, 8]
have demonstrated that investigated energy had no
minima. While, as it will be shown below, the ground
state energy of the FQHE quasi-particles has mini-
mum at any fixed fractional value of the anyon factor
or LLFF and this minimum is a result of charged an-
yon correlations and not of localization and pinning
in the disorder or in impurities.

At beginning, we define the correlations of 2D
Coulomb interacting anyons. However first, we
would like to remember how the correlations for
Coulomb interacting electrons are introduced.

The homogeneous electron gas, although it has
become the testing ground of quantum mechanical
many-body techniques since long time and a result of
such calculations can be found in textbooks (see for
example [9] and [10]), does still contain yet unex-
pected puzzles. They are related to the correlation ef-
fects caused by the particle-particle interaction, which
can be treated so far (or principally) only in approx-
imate ways. Here we would like to draw attention to
the 2D systems, which have their prominent realiza-
tions in semiconductor heterostructures and layered
metallic systems such as the cuprate superconductors.
These systems attract much interest from experiment
and theory due to the physics related with correlation
effects [11-13].

With respect to the ground state energy in fer-
mion systems, the Hartree-Fock (HF) approximation,
originally developed for high particle densities, pro-
vides the dominating contributions even for interme-
diate values of the density parameter rs. Here, I is de-
fined as the ratio of the mean distance between par-
ticles to the Bohr radius. The difference between the
exact ground state energy and its HF value is known
as the exchange-correlation energy (see, for example,
textbooks [9-11]). For 2D spin-polarized fermions (in
this paper we consider only these particles as fer-
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mions), it has been demonstrated by quantum Monte-
Carlo (MC) calculations [14, 15] that the exchange-
correlation energy may be considered essentially as a
small correction to the HF energy for all values of rs.
To find the exact ground state energy of 2D Coulomb
interacting boson system, the MC method [16] was
also used.

Typically, all MC methods calculate ground
state energies for fixed and discrete values of rs and
then an interpolation of these energies is made to
yield their expansion in terms of powers of rs. For bo-
sons, at small rs (the high density limit), this interpo-
lation formula reproduces the ground state energy of
the 2D Coulomb boson gas (2DCBG) obtained with
the hypernetted-chain approximation [17]. The latter
result follows also by using the Bogoliubov approxi-
mation [18]. For fermions, as we said above, the in-
terpolation formula reproduces the ground state ener-
gy close to the HF approximation.

For charged anyon systems, correlations between
particles have not a simple relationship with respect
to exchange of two particles in the real space as for
fermions (see, for example, Refs. [11-13]) due to the
fact that the exchange of two particles for anyons
involves the coordinates of all particles [6] of system.
Therefore, it is better do not call the correlations for
charged anyons as the exchange-correlations as for
fermions. In this case, we call these physical
phenomena as anyon correlations, or just correlations.
The physics of these correlations will be clarified
below.

Here, we outline the main result of Ref. [19],
which allows us to conclude about possibility to
appear of FQHE and WC states in the charged anyon
system without disorder and impurities. It is in the
minimum of the ground state energy in the 2D
Coulomb interacting gases at each fixed anyon
parameter or LLFF.

In Ref. [19] we have employed the anyon
concept in order to find an approximate analytic
formula (AAF) for the ground state energy of 2D
Coulomb gases per particle, which is capable of
accounting for the particle fractional anyon statistics
together with bosonic and fermionic limits of this
statistics. This formula was derived by using the
corresponding result for the harmonically confined
2D Coulomb anyon gas [18] and applying a
regularization procedure for vanishing of this
confinement. After the regularization procedure our
AAF becomes the function of the fractional statistics

v and the Coulomb interaction density rs parameter,
i.e. g(Vv,rs). For the fermion limit of anyons (with v=1)
and at very small r (the high density limit), gy(v,rs)
reproduces the HF energy of spin-polarized 2D
electrons (Ref. [20])
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For the boson limit of anyons (with v =0) and at
the same high density very small rs values, gy(v,rs)
reproduces the ground state energy of the 2D
Coulomb boson gas, 2DCBG, found in Refs. [17, 18]
(see above). For very large values of rs, the ground
state energy per particle is insensitive to the statistics
of particles and gy(v,rs), derived in Ref. [19],
reproduces the energy of the classical 2D electron
crystal (the 2D WC [21]).

However, the main property of the function
go(v,Is) is in that it has the fixed value of minimum
€0.min, the position of which is a function of r (at con-
stant v) and determined by fitting procedure just out-
lined in the previous paragraph.

For the comparison, we depict in Fig. 1 the ex-
change-correlation energy as the difference of the
ground state energies obtained from the MC calcula-
tions [14, 15] and HF values (from Eq. (1)) and the
correlation energy as the difference of the ground
state energies obtained from the expression go(v=1,I;)
and HF values (from Eq. (1)) for 2D fermions.

Figure 1 shows both correlation energies as a
function of rs and exhibits a pronounced minimum for
the correlation energy & min(rs=0.2)~—0.8 Ry, where
Ry is Rydberg energy unit. The origin of this proper-
ty of €. min(ls) is in the two facts (see Ref. [18]). First
of all, the position of the minimum (gymn) of the
energy €o(v=1,rs) as function of rs (rs=0.7) is shifted
on the left with respect to the one of HF (rs=~2.36).
And at the second, the value of the former
(gomin=1.159) is lower than the one of the later
( EHF,min =-0.36).

The another remarkable property of the ground
state energy, &o(V,ls), of the charged anyon gas, ob-
tained from AAF, is in that at all v<r; and r<0.5 it
exhibits the prominent minimum &g ,in(v#£0, Is) (see
the Fig. 2). Furthermore, using the approximate ex-
pression
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valid for v<rs and rs—0 and for v=1 and rs—o0 limits,
one can show that the €y min(v#£0, Is) is only the func-

tion of the anyon parameter v. For this, we minimize

Eq. (2) with respect to f**(v,r,)/r” and obtain the
expression €y . (V)= 3¢y /(28v) where Cyc=
3.2903 and it should be v=0.
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Figure 1. The exchange-correlation energy as the difference of the ground state energies obtained from the MC calcula-
tions [14, 15] and HF values (from Eq. (1)) (cross and solid dots, respectively, and their interpolation from Ref. [14] (sol-
id line)) and the correlation energy as the difference of the ground state energies obtained from the expression go(v=1, I')
and HF values (from Eq. (1)) (open squares) for 2D fermions. In the insert, it is indicated the accurate expression of €y(V,

rs) for all values of v and rs as “exact formula Eq. (33)” from Ref. [18].
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Figure 2. Ground state energies per particle vs anyon parameter v for various fixed values of rs The figure is taken from

Ref. [18].
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For the fermion system (v = 1) this gives the
energy minimum gomin(v)=—1.159, which exactly
coincides with gy(v=1,r=0.7) (see previous paragraph
above and Fig. 2). The curves, depicted in Fig. 2,
were calculated using AAF for the ground state ener-
gy per particle gy(v,rs), Eq. (33) from the Ref. [18],
accurate for all values of v and rs. A smooth variation
of minimal energies €y min(Vv) With the decrease of the
parameter v is clearly seen from these curves. This
property of the € min(Vv) shows that it is inherent for
the physics of the charged anyon gas and not an arti-
fact of the theory. On the other hand, the v parameter
dependent minimal energy €min(v) at v<l may be
universal for anyon gases with arbitrary interparticle
interaction.

There appears the question how to define the an-
yon correlation energy, if HF energy, Eq. (1), is only
the density parameter rs dependent. The Fig. 2 shows
the way for that. Physically, it is clear that the corre-
lation energy should display the changing of energy
of an anyon system at the variation of the statistics of
particles. Therefore, as HF energy in our case, we can
bring the energy go(v,rs=1.0) = const (see Fig. 2), and
the correlation energy can be defined as gy(v,Is<1.0)—
€o(v,Is=1.0). Since for all fixed values rs>1.0 the
function gy(v,rs>1.0)= const (see the same figure).

In principle, we can bring the asymptotic expres-
sion for the ground state energy (see Eq. (38) of the
Ref. [18])

Cycls
—V1/4f¥§(vr)J 3)

valid for rs—>0 and v#0 with the approximate
f(v,rs)=v'? for the definition of the HF energy of a
charged anyon gas. However, for fermions (v=1), Eq.
(3) gives for the minimum energy €omin(v=1,rs—>0)=
Cvzvc /2, which is lower than gg,n(v=1)= —3C\f,C /28
(see above), therefore, it is not applicable here as de-
finition of the HF energy. Because one assumes (see,
for example, Refs. [14, 15]) that the true energy
should be lower than the HF energy.

The anyon parameter v dependent minimal ener-
gy €omin(V) (at v<1) gives us the unique opportunity
to use it for the possible interpretation of experiments
on the FQHE plateaus for fractional values of the
LLFF. Indeed, the minimum of the ground state ener-
gy go(v.rs) lower than for the boson ground state

g (v,I, >0)=

2f(v )[V

S

energy (see Fig. 2), presumes the transition of a sys-
tem into this state with formation of the real space lo-
calized macroscopic structure. It is proven in Refs. [2,
3, 6] that the LLFF of the FQHE plateau is equal to
the anyon parameter v. Therefore, one can expect the
existence of the above structure, which forms the
FQHE plateau in the electric resistivity or conductivi-
ty, for each fixed value of LLFF or v<1. An analysis,
given just above in this paper, gives us a background
to consider that the FQHE is a result of (anyon) cor-
relations and not of the Coulomb interaction. Fur-
thermore, one can assume that the FQHE state may
be observed in any system with anyon statistics.

The minimal energy &y min(Vv) (at v<1) can be ex-
pressed as function of the density parameter rs of the
2D Coulomb gas. This formula can be derived mini-
mizing Eq. (2) for the gy(v,rs) with respect to rs. To
calculate this we use the  approximate
f(v,rs—0)=v'"?b;. In Ref. [18], we motivate the inclu-
sion of the v'* dependence in f(v,r5) by the linear v
dependence of the ground state energy for the anyon
gas without Coulomb interaction and close to bosonic
limit (v=0) found in [22] and [23]. This linear depen-
dence of the energy on v is also reproduced in Eq.
(3).

A minimization of Eq. (2) with f(v,rs—0)=v'"b;
the ry gives (see also Ref. [18])
€0 min =—(4/5)0,*c,,cb/? /1., which occurs at posi-

tion v, =h"*c,.r, /b/*, where b;=1 and b,=3/35. For

r=0.2 this provides € min =8.689 and v(=0.08, while
from AAF expression gy(v,I's) we have ggm,in=8.847
and v=0.08. Comparing the asymptotic formula &gy
=~1/rs with the ground state energy expression
go(v=0,rs—>0)= —CBGI””3 of the 2DCBG, where
Cye =1.29355, derived in Refs. [17, 18], it is evident

that at r——0 the charged anyon gas ground state has
lower energy than one of the charged bosons.

If we look on Fig. 2, we see the appearance of
minimums &g ,;, for each fixed density rs from r<0.5
range. This takes place since mentioned density rs
corresponds to the fixed anyon parameter vy, at which
€o.min(V) occurs. The idea, used for the observation of
the FQHE plateaus within the present treatment, can
be applied for the observation of the WC also. This
occurs because the localized macroscopic structure of
charged particles in the form of the WC may be
condensed in the &y, minimum of the energy. It is

over
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interesting, the simultaneous coexistence of FQHE
and WC states was observed in Ref. [4].

One can estimate the applicability of our treatment
for the case of the experiment [4]. The experiment
observed the FQHE plateau and WC structures at
r=30. This paper defines the parameter r, as

rszm*ez/(4n8h2\/n7p), where m" and e are the

effective mass and charge of a hole, respectively, 0 is
the dielectric constant of a sample, and p is the
density of holes. In our consideration, all parameters
in the definition of rs are unchanged except the
charge of a hole e. As we said above, the FQHE is the
system with a charge ve [6], i.e. the system of FQHE
quasi-particles. Therefore, in fact, the parameter rs
should be redefined with the factor v*. Thus instead
of r=30 in experiment, we need to say about reavi30
and to have a value of r; from the range r,<1.0 there
should be the value v=0.2. In the Fig. 2, the case with
v~0.2 corresponds to the minimum of the ground
state energy for r~0.5. Therefore, in fact, the
experiment, Ref. [4], sees r:=0.5.

In  conclusion, in the frame of our
phenomenological approach based on the anyon
concept, we have identified exchange-correlation and
anyon correlation effects in the high density limit of
the 2D Coulomb anyon gas. In contrast with results
from MC calculations for fermions, our data for the
charged anyon gas show a pronounced minimum in
the ground state and correlation energies, which were
ascribed to the anyon correlations. We used this result
with minimum of both energies for the possible
observation of FQHE and WC states, in which the
role of anyon statistics is crucial, and find agreement
with the experiment.
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Possible fractional quantum Hall effect and Wigner crystal states in two-dimensional ... 7

bus sKuHAa yon sTMraH MaKoiaaMusaa, (2D) sapsnanran
SHHMOHJAP Ta3W YYyH acoCHMH XojaT SHEPTUSICHHHHT
AQHAIUTHK alpoKcuMarus (GopMysacMHU YUKapa OJJIHK.
by makomamm3ga OW3 OJNMHIaH HAaTIXXalNapHH HIUIATHO,
9HMOH Tapamerpu V=1 derapacuzma wudona Oymamura
(dhepMHUOHIAp YYYH aIMAIIMII-KOPPEIAIUOH SHEPTHSICHHU
Oaxonamra myscap Oynmuk Ba KoiaraH v<l mapamerpiap
YUyH SHUOH-KOPPEJLSILIMOH SHEPTHACHHN aHUKJIAIl HyJTHHU
nhomanaguK. AIMAIIAII-KOPPEANNOH YHEPTHUACH aCOCHA
xosat 3Hepruscunan XapTpu-DPok >HeprusicuHu Qapkura
TEHIVIMTH ajgabuerna sAXmmM  e3u0 STwiraH. Xamma
¢uKcanus KUIMHTAH V J1a SHUOH-KOPPEILILUOH SHEprus-
CHHUHI MHHUMYMJIapH acOCHHl XOJIaT SHEPTUSICHHH
MHHHMyMJIapura Moc Oymu0 ¢akat v nap QyHKOus-
CWIMTMHM aHuKIagu. Jlemak Oy MuHuMymnap ¢akat
SHUOHJIAp CTATHCTHKacu OwiaH OOFIMK Oyaud KyJoH
tabcupu 3(pdekTnaan wupok skaH. by aprymentmap
KyHHIaru xyjocara KenThupaau. v < 1 coxacuaH OlNMHTaH
UXTHEpUH (QuUKcalUsd KWIMHTaH V MHKIOpUAA pean

(hazacuaa MaKpOCKOIMK CTPYKTypa XOCHI OYIHUIIH JIO3UM.
Mucon yuyn Kacpam Xomn kBaHT 3ddextn (KXKDI)
KBazu3appajtapHuHr JlaHmay  CaTKMHUHT — TYJMPHII
taxropu (JICT®D) sHHOH mapaMeTpura TEHIIIUTH cabadiu
oepwran JICT® wmukmopuna KXKDHuHT mnarocwHn
xocun Kunub, Oy KBasusappanap pean daszacuaa
KaHIaiaup CTPYKTypacura KOHICHCATIIAHUINU JIO3MM. By
mynoxo3a KXKO xomatn aHHMOHNAp KOPPEISIHACH
HaTwkacuga Tmaiino OynmummHM  Kypcaraau. bomka
TapadaaH KapairaHaa I0KOpHIa 3CiaTraH v MUHHMyMIIap
(YHKUMSICHHM  KYJIOH Ta3HUHI 3UWIMK HapaMeTpu [
opkamn wudomamacak 2D Burmep kpucramman (BK)
SKCIIEPUMEHT/Ia Ky3aTWIaAuraH [y 3WWIMKHH aHWKJaca
Ooynamu. lllynn alTu® YTl KU3UKapiIuKd, OUp BakTaa
skcriepumenTaa KXK3 Ba BK map xomartmapunm
Ky3aTHJIUIIK OM3HUHT Ha3apusMu3 OiIaH Moc.
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