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AHaIMTHYECKH |

YHUCJIEHHO PaccMOTpeHa

JAHaMHKa COJIMTOHOB BOJIH Marc¢puu,

OTCKAKHMBAIOLINX OT OTPaXKarolled MOBEPXHOCTH (aTOMHOTO 3epKaia) MOA JEHCTBHUEM CHIIBI
TAXKCCTU, Koriga JBYX4YaCTUYHBIC BSaHMOﬂeﬁCTBMX MCXKIY aroMaMu MEPUOANICCKU
MOJyTUPYIOTCS BO BpEMEHH. AHATUTHYECKOE OMHMCAaHIEe OCHOBAaHO Ha BapHAIlHOHHOM HOIXOJIE.
[Mosy4eHs! 4acTOTHI MajbIX KOeOaHUH LIEHTpa MAcChl ¥ IIMPHUHBI COJIMTOHA. AHAJIUTHYECKHE
MpeICKa3aHMsl CONOCTABIEHBI C PE3yJbTaTAMU YHUCIEHHOIO MOJENUPOBAHUS YPAaBHEHUS
I'pocca-TIuraeBckoro U HaliIeHO KAYECTBEHHOE COTTIACHE MEXKIY HUMHU.

KuiroueBrble ciioBa: xoHnencar bose-DiiHiiTeiiHa, MoJie rpaBUTALUK, BAPUALIMOHHOE PHOIIIDKEHHE, Yac-
TOTa KOJICOaHMH.

We consider, by analytical and numerical means, the dynamics of a matter-wave soliton
bouncing on the reflecting surface (atomic mirror) under the influence of gravity, when two-
body interactions between atoms are periodically modulated in time. The analytical description
is based on the variational approach. The frequencies of small amplitude oscillations of the so-
liton's center-of-mass and width are obtained. Analytical predictions are compared to the re-
sults of numerical simulations of the Gross-Pitaevskii equation and qualitative agreement be-

tween them is found.

Keywords: Bose-Einstein condensate, field of gravity, variational approach, oscillation frequencies.

I. Introduction

The problem of a ball, bouncing under influence
of gravitational field, on the oscillating mirror (the
Fermi-Ulam model) is one of the basic models of the
theory of dynamical systems, which is used for the
investigation of such phenomena as Fermi accelera-
tion [1] and dynamical chaos [2-4].

The analogue of this problem in Bose-Einstein
condensate (BEC) is the bouncing of a matter-wave
packet in the gravitational field above the oscillating
wall (atomic mirror created by a laser beam). Altering
the position of the mirror in time can emulate the
Fermi-Ulam problem for matter-wave solitons, pav-
ing the way to observe many interesting phenomena,
such as Fermi acceleration for cold atoms and soli-
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tons, interference of matter-wave packets, nonlinear
resonances, hysteresis and dynamical chaos with mat-
ter-wave solitons [5-8]. This model is also important
for the realization of time crystals [9].

It is interesting to study the periodically driven
interactions between atoms and their influence on the
dynamics of bouncing solitons. While the translation-
al symmetry is not breaking by the temporal modula-
tions of interactions, we can expect the influence of
the modulations on the motion of the soliton. This
possibility appears since the effective potential acting
on the center-of-mass of soliton due to interaction
with the mirror depends on the width of the soliton.
Under the modulated interactions the width is oscil-
lating and so we can expect the oscillations of the
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effective potential. The variations of the strength of
two-body interactions via the atomic scattering length
can be achieved using the Feshbach resonance man-
agement technics [10].

Following the above mentioned idea, we will
study the bouncing of the matter-wave soliton on the
standing mirror when the atomic scattering length is
periodically modulated in time. We will explore the
possibility in accelerating of the soliton under such a
perturbation. This model can be also considered as a
prototype for the nonlinear time crystal with managed
nonlinearity. The Feshbach resonance method [11-
12] allows changing the force of interaction between
atoms in a condensate, using an external magnetic or
light field. This method has opened up great oppor-
tunities for studying the properties of the condensate.

II. Model

The model is based on the following 1D Gross-
Pitaevskii equation (GPE):

.oy n* o’y 2
ih—=———+mgxy +U(X)y + 270, a s
- amae T MV )y Ayl y
(1)

where y(x,t) is the wave function of the condensate
trapped in a tight quasi-1D trap, X is the spatial coor-
dinate of the wave packet above the horizontal atomic
mirror, represented by the reflecting potential U(x), g
is the strength of the gravitational potential, @, is the
trap frequency in the tightly confining radial direc-
tion, and m, a5 are the atomic mass and S-wave scat-
tering length, respectively. The gravitational units of
space and time are defined as follows

ly=®/m*g)",  t=/mg®)"”, (@)
which enable to rewrite the Eq. (1) in dimensionless
form

. 1
Iy, +E\VXX +oxXy +U (X)y +7(t) [ v |2 y=0, (3)

where the new variables are defined as X—X/lg,

t-tt, UO)=UX)/mgly, v — 20, |a|t;v.

To simplify further calculations we use the ex-
pression U(X) = Vd(X) for the reflecting barrier
(atomic mirror). Hence, the external potential be-
comes the combination of a linear potential and delta-
function type reflecting barrier

V (X) = ox +V,8(X), 4
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where o is a parameter that represents the strength of
the field of gravity, V, is the strength of delta-
potential.

The time variation of the S-wave scattering
length a5 has the following form [10]:

B A
as_abg 1_—B(t)—BO ,

where ayg is the scattering length outside the reson-
ance (background scattering length), B, is magnetic
field at which resonance occurs, A is the width of re-
sonance at B(t) = B.

By taking Eq.(5) into account, the time depen-
dent nonlinearity coefficient can be written as follows

Y(®) =7y, +esin(Q1), (©)

where v, =2hm a, is the unperturbed coefficient of

6)

nonlinearity, €, Q are the amplitude and frequency of
modulation of nonlinearity.

III. Variational approximation

It is easy to verify that Eq. (3) can be retrieved
from the following Lagrangian density by utilizing
the Euler-Lagrange equations

[t
(7

We will look for the solution in the form of
hyperbolic secant function, which is the bright soliton
solution of GPE in absence of the external potential
V(X)

V(X,t) = Asech (X%a(;jeib(x—g)%iv(x—f;)ﬂtp, (8)

where A(t), a(t), ¢(t), v(t), b(t), o(t) — are the time-
dependent variational parameters, meaning the ampli-
tude, width, position of the center-of-mass, velocity,
chirp and phase of the soliton, respectively. The norm
of the trial function (8) represents the conserved
quantity of the governing Eq. (3)

i * * 1 2 2 'Y(t)
L=— - +— -V (x RALA
2(\1/% vy) 2I\lfxl (X)) | w 5

N:J:|\y|2 dx = 2aA2. 9)

Substituting the trial function (8) into Eq. (7) and
integrating over the space variable E:J.OO Ldx , we

get the averaged Lagrangian
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Applying the Euler-Lagrange equations to Eq.
(10) leads to the following system of equations for
the width and center-of-mass position of the soliton
with a time-dependent coefficient of nonlinearity

1o 2 2y(HN
E a0 Gy
(1)
Gy =0 —V—gsech2 (EJ tanh [E] (12)

a a a

These equations can be written in the form of
Newton's equations a, =—-0U, /da, C, =—0U, /dC
for a unit mass particle in an anharmonic potential

- (122
na T a a T a

U,(§)=—af -2 sechz(C].
a

Expressions for potentlal functions Eq. (13) and
Eq. (14) are obtained assuming one of the variables
(€ or a) is constant, corresponding to the minimum of
the potential, while the other changes slightly near its
equilibrium. More general expression for the poten-

(13)

(14)

tial can be obtained as follows. We rewrite the La-
grange function with kinetic and potential energy
parts separated, excluding the chirp and phase para-
meters:

2 2
C-t-u=2 P 2 12,
+ %sech2 [CJ 2Y(t)N
na a na

where B = 12/n%, and the expression for general po-
tential function takes the following form:

UG- g Shsear £ ] 20N

'a

(16)
n’a
Now we perform the following numerical expe-
riment. We choose the equilibrium point above the
reflecting surface as the initial position of the soli-
ton’s center-of-mass, where the force of attraction
due to gravity is balanced by the force of repulsion of
the soliton from the surface (delta-barrier). This cor-
responds to the minimum point on the potential curve
Ux(§), £ = 2.77. In this case, the width of the soliton
is determined from the condition of the minimum on
the curve U (a) and is equal to a, = 0.89 (see Fig. 1a,
b). The fixed points (o, 89) can be found using the Eq.
(16) as well by searching the local minimum in two-
dimensional parameter space. Apparently the mini-
mum is located within the dashed island of Fig. Ic
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Figure 1. Potential function for width (a) and center-of-mass position (b) of the soliton. A parametric plot for general po-

tential function (c). Parameter values are oo =

IV. Normal modes

To analyze small amplitude dynamics of the sys-
tem we linearize the coupled ordinary differential eq-
uations (11)-(12), derived from the variational ap-

-0.1, Vo=—-10,N =

l’Yo 1,e=0, Co—277 a, = 0.89.
proximation method (VA). To this end we expand the
corresponding solutions near the equilibrium points a

= aotoa, § = {y+dL, where 6a and 6C are small dis-
placements:
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da, + o da=C, 8¢ + Asin(Qt),
3, + ;86 =C,8a,

(17)
(18)

where ®, and o are called partial frequencies [13],
which can be derived from original equations at sta-
tionary points, C;, C,, A are constants that depend on
the initial parameters

12V,
g = i24 - 4ygt)3N ) g sech’ (C_OJX
Ta, mwa; T 8

x[l —C—‘E - 4C—°tanh (C—OJ + 3§—§tanh2 (C—OH
8 & ) 8, Eh)
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3 Eh) )
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2eN
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At € = 0 the time-dependent coefficient of nonlinear-
ity becomes constant, y(t) = yo. Thus, it is convenient
to seek for the solutions of Eq. (17) and Eq.(18) as

da=pe*", 8¢ =qe"™, where p and q are real para-
meters representing the amplitude of small oscilla-
tions for width and center of mass position, respec-
tively. After performing the corresponding deriva-
tives and inserting the outcome into the equations, the
following 4-th order algebraic equation for the fre-

quency Q is obtained
Q' — (0 + o)’ +0;0; ~CC, =0. (24

Solution of Eq. (24) gives us the frequencies,
which are known as normal modes

o - o2 + 0)2 F \/((o; —(DZ)Z +4C,C,
1,2 5 5
It is evident from the Eq. (25) that the normal
frequencies lie outside the interval of partial frequen-

cies, that is, Q, < o and Q, > ®, (to be specific, we

(25)

consider ®, <, ). Relations of this kind for systems
with many degrees of freedom are known under the
name of Rayleigh theorems [14].

Dependence of Q;, on ¢ is shown in Figure 2a.
It can be seen that the difference between the normal

frequencies €, and the partial w,; at small /C,C,
is insignificant everywhere, except for the region of
degeneracy | o) — o} [<4/C,C, . At sufficiently small

o, one of the normal frequencies becomes imagi-
nary, the system ceases to be stable.
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Figure 2. a) Relation between the normal and partial frequencies. Parameters: V, = —-10, N =1, {, = 2.77, a, = 0.89, b)
and c) describe the dependence of normal frequencies on the strength of reflecting barrier and the norm of matter wave,
when N = 0.8, and V; =—0.8, respectively. Other parameters oo = —0.1, yo =1 and € = 0 are the same for all three figures.

The Figure 2b illustrates that Q, declines faster
with respect to Vy, when the norm is fixed, while Q;
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holds its initial value. On the contrary, if the strength
of reflecting barrier is constant and the norm of the
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soliton increases, then (2, grows faster than Q.

Moreover at certain values of initial parameters
(see Fig. 2b,c), the normal frequencies become al-
most equal Q, =Q,.

V. Numerical analysis

a
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Numerical simulations of Eq. (17) and Eq. (18)
give the opportunity to observe if resonance pheno-
mena in the system take place. With this objective we
periodically change the coefficient of nonlinearity in
time according to Eq. (6) with frequencies Q; ,, esti-
mated using Eq. (25). The result is presented in Fig. 3.
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Figure 3. Small oscillation dynamics of the center of mass and width Eqgs. (17)-(18) of a soliton with a periodic variation
of the coefficient of nonlinearity. Parameter values: o =-0.1, Vo =-1,vo=1,N=4,,=1.21,a8,=0.46, € =0.01, Q; =

0.605, €, = 3.251.

As it was expected from coupled equations (17)-
(18), which include the term Asin(Qt) that acts on

the system as external force, the resonance occurs at
both of the normal frequencies

Finally, we compare the prediction of the varia-
tional approximation for the position of the center-of-
mass Eq. (11) and width Eq. (12) of the soliton and
numerical solution of the Gross-Pitaevskii equation
(see Fig. 4).The initial position of the center-of-mass
corresponds to a stationary position above the surface
Co, for which the downward gravitational force is

balanced by the upward repulsion from the surface.
The modulation frequency of the nonlinearity is equal
to the frequency of small amplitude oscillations of the
center-of-mass and the width of the soliton near the
equilibrium points. This corresponds to the condition
of nonlinear resonance. It can be noticed that when
perturbation coefficient € is sufficiently small, VA
method gives quite accurate predictions, consistent
with numerical simulations of the GPE (see Fig.
4a,b). However, if € gets bigger values, the results
deviate for the width parameter (Fig. 4.c-f).

©Academy of Sciences of Republic of Uzbekistan, 2022



K.K. Ismailov

a
1.4} —GPE ----VA
1.2
= |
= .
S10
v hr
0.8}
0=0.605
0 50 100 150 200
t
C
1.8+ ——GPE----VA
1.6¢ ";
14’ i
S :
<12 ;
~1.0
0.8 - &
0.6+ 0n=0.605
0 50 100 150 200
t
(3
50l —GPE----VA
s L3 ) . ;
E ! "
2 .-
1.0
i ¥ (! ' y i
0.5t 0=0.605 |
0 50 100 150 200
t

a(t)/a(0)

a(t)/a(0)

1.2}

0.9+

1.6}

-
.

—
(3]
T

0.8F

1.0}

Figure 4. Comparison of the time-dependence of center-of-mass and width of the soliton, when the coefficient of nonli-
nearity is periodically varied in time. Parameter values: o = —0.1, Vo = -1, N =4, {; =121, 8= 0.46, v, = 1, 2; = 0.605.
The perturbation coefficient € = 0.01 for a-b, € = 0.1 for c-d, € = 0.2 for e-f. For visual convenience we plot {(t)/C, and

a(ty/a.
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VI. Conclusion

We have studied the bouncing dynamics of a
matter-wave soliton above the reflecting potential
barrier (atomic mirror), under the influence of gravi-
tational field and periodically varying in time atomic
interactions. To investigate the dynamics of soliton’s
width and center-of-mass coordinate the variational
approach has been employed, and a system of
coupled nonlinear ODEs for these parameters is de-
rived.By analyzing the small amplitude dynamics of
the soliton we find the normal mode frequencies, that
are consistent with numerical simulations of the go-
verning GPE. The nonlinear resonances in the matter-
wave soliton’s width and center-of-mass position are
observed.
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M. Hussein, A.

JaBpuili MOAYJSIIUAIAHTAH aTOM y3ap0 TabCHPHU
OCTHAA CAKPOBYH MATEPHA-TYJKHH COJUTOHM-
HHUHT JUHAMHKACH

K. K. UcmanyioB

V36ekucton ®annap Axagemusicn Pu3NKa-TEXHUKAa WHCTUTYTH,
Ywunarus AiitmaroB ky4, 2B, 100084, TomkeHT, Y36eKHCTOH

ATtomutap opacuaaru UKKH KHUCMITH ¥3apo
TabCHPJIANIYBIApP BAaKT OYHWYa MaBpUl MOIYJISIH-
JIaHTaHJa, TOPTHUILIMII MaNJOHM TabCUpUAA KalTapyBuH
103a1a (atoM Ky3ry) MaTepusa-TYJIKWUHH COJIMTOHWHUHT
Cakpall JMHAMHKACH aHAJWTHUK Ba COHJIM YCyJUIap
épaaMusia Kypruo YMKHIaau. AHAUTUTHK TaBCU( BapHAIIMOH
SKUHJAIIYB Meronura acociaHagu. CoONMTOH Macca
MapKa3d Ba  KCGHINIMTHHUHI KHYMK  aMIUIMTYJald
TeOpaHUIUIAPH YaCTOTATIAPH OJIMHAIW. AHAIMTHK yCyina
onuHraH Hatmxanap I'pocc-IIuTaeBcku TeHrinamMacUHUHT
COHJIN €YMMHU OWJIaH TaKKOCIaHAaIu Ba ylap YpTacuIaru
cudar MyBOUKIATH TOTIHIA TH.

Kamur cy3nap: bo3e-DiHIITEH KOHAEGHCATH, TOPTHUILHUIIL
MaiiZIOHH, BapHALMOH SIKMHJIAIIYB, TeOpaHHUII YacTOTaIapu.
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