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I. Introduction

B nanHoli pabote uccienyercs AMHAMUKA JBYX IpHMeceld B KBa3HOJHOMEPHOM KOHJIEHcCaTe
Boze-OiHITelHA ¢ y4eTOM BIMSHUS aMIUIMTY]bl B3aUMOJCHCTBUS U HAYaJIbHOTO COCTOSHUS
IIPUMECH Ha CBA3AHHYIO JUHAMHUKY IPUMECH U KOHAEHcaTa. MBI paccMaTpuBaeM B3aUMOAEH-
CTBHE MEXIy NPUMECSIMH TOJBKO Yepe3 KOHJAEHcaT, NMpeHeOperas KakKuMH-THO0 HPSMBIMA
B3auMoAEHCTBUAMH. [lyTeM M3MeHeHNs! HadaIbHBIX ITapaMeTPOB IPUMECEl MPOIEMOHCTPHPO-
BaH BKJIaJ] IUIOTHOCTH KOH/EHCATa B TPACKTOPHUIO ABWXEHUS IpUMecel. Pe3ynbTaTsl MOKa3bl-
BAIOT, YTO TPACKTOPHS NMPUMECEH CHIBHO 3aBUCUT OT MX HAYaJIbHOTO MOJIO0XKEHHS, YTO NPHUBO-
IUT K HEPEryJSPHBIM TPACKTOPUSIM HU3-3a AedOopMaluy IJIOTHOCTH KOHICHCATa MPH J0CTa-
TOYHO CHJIBHOM IPUTATHUBAIOIIEM B3aUMOJICHCTBUM KOHJIEHCATa C IPUMECSIMU.

KuioueBble cioBa: npumecH, konaeHcat boze-OitHmreiina, ypaBuenue I'pocca-IlutaeBckoro, kiaccu-
yeckoe ypaBHeHHe HploToHa.

This paper examines the dynamics of two impurities in a quasi-one-dimensional Bose-Einstein
condensate, considering the effect of interaction amplitude and the initial state of the impurity
on the coupled dynamics of the impurities and condensate. We consider the interaction be-
tween impurities only through the condensate neglecting any direct interactions. By changing
the initial parameters of the impurities, the contribution of the condensate density to the trajec-
tory of the impurities is demonstrated. The results show that the trajectory of the impurities
strongly depends on their initial position, leading to irregular trajectories due to the deforma-
tion of the condensate density at a sufficiently strong attractive interaction between the con-
densate and impurities.

Keywords: impurities, Bose-Einstein condensate, Gross-Pitaevskii equation, classical Newton equation.

The study of impurities in a Bose-Einstein con-
densate has been an active area of research in the field
of condensed matter physics for several decades [1-2].
Recent experimental advances have enabled research-
ers to study the motion of heavy impurities or polarons
within a Bose-Einstein condensate [3]. The quasipar-
ticles known as polarons find wide-ranging applica-
tions in condensed matter physics, including magnetic
phenomena and lattice deformation properties [4-6].

The study of impurities in a Bose-Einstein con-
densate confined by a harmonic potential has been
shown to have important implications for understand-
ing the dynamics of Bose-Einstein condensates in a va-
riety of experimental setups [7, §].

The dynamics of the system are described by the
Gross-Pitaevskii equation for the condensate and the
classical Newton equation for the impurities [9]. The
Gross-Pitaevskii equation is a mean-field theory that
describes the dynamics of a Bose-Einstein condensate
in terms of a macroscopic wave function. The classical
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Newton equation describes the motion of the impuri-
ties in the system.

The motion of heavy impurities in a Bose-
Einstein condensate has been studied extensively in re-
cent years. A number of studies have focused on the
formation and dynamics of polarons in a Bose-Einstein
condensate [10-17]. Other studies have focused on the
dynamics polaron forming impurities in a quasi-one-
and two-dimensional Bose-Einstein condensate con-
fined by a harmonic potential [18-21]. In addition, the
motion of impurities in a Bose-Einstein condensate has
been studied in the context of quantum simulations and
quantum information processing [22].

In this paper, we study the coupled motion of two
heavy impurities attractively interacting only through a
quasi-one-dimensional Bose-Einstein condensate con-
fined by a harmonic potential. We use a direct numeri-
cal solution of the system of Gross-Pitaevskii and clas-
sical Newton equations to study the dynamics of the
system. We show that the motion of the attractive inte-
racting two impurities and the condensate is strongly
coupled and depends critically on the initial parameters
of the system, namely on the initial positions of the
impurities and interaction amplitude. Our results dem-
onstrate the importance of understanding the dynamics
of heavy directly non coupled impurities in a Bose-
Einstein condensate and the effect of the initial para-
meters on the motion of the system.

I1. Model and equations of motion

We consider non-self-interacting quasi-one-
dimensional Bose-Einstein condensate characterized
by wave function y(x,?) located in a parabolic poten-
tial. We assume that two impurities formed by exter-
nally embedded particles have interaction only
through the condensate. In what follows we set,
h=m=w=1, where % is a reduced Plank constant, m
is condensate particle mass and o is the frequency of
the harmonic potential. It is assumed that the y(x,?) is
normalized to the total number of particles in the con-
densate N>>1. The system is described by the Gross-
Pitaevskii equation,

X

G 10 x*
la\lf(xat): _56)74—7 W(x, 1) + Vgt (DW(x, 1)
(1

where

Vet (¥) = Y (x = X1 (D) + 13 (x = X, (1))

The W(x-XiO)(n) and Vs (x—X2())y(x0)
terms describe the local interaction of the BEC with
embedded movable impurity located at the time-
dependent positions X;(¢) and X,(f). We assume that
the impurities have the same masses M and potentials.
In what follows we choose a narrow attracting poten-

tial V) (z) = Vexp(—z,-2 / 262) , where V<0 is the am-

plitude and 6 is the width, common for both embed-
ded particles.

We consider sufficiently heavy, with respect to
the condensed particles, embedded particles such that
the evolution of their positions is described by the
classical Newton equation:

d*X,(1)
dr’
The time-dependent force between the conden-

sate and the impurity i depends on the positions of
both the particles and has the form [16]:

M = FI(X, (1), X, (1)). 2

FXO.X 00 =0, | Voa @ WD v, (3)

Here, the interaction with condensate produces a
relatively small albeit well-visible effect. Please note
that when impurities are present, their interaction with
each other can be approximated as an interaction via
the condensate. This is because the presence of an im-
purity particle at point Xj(#) modifies the condensate
density at the position of another impurity particle at
Xi(?) point. The system of equations (1)-(3) describes
all dynamics parameters of the system.

III. Expansion by basis function and the

energy of the system

To obtain a numerical solution of the Gross-
Pitaevskii equation, we express the wave function
y(x,f) of the condensate as a series expansion of the
eigenfunctions in relation to the parabolic potential.
This potential eigenfunctions are indexed by the vari-
able k and is used as the basis for the expansion:

wk(x>=H"(")exp(—x2j,

7'[1/4(2kk!)1/2

“4)

where, Hi(x) being the corresponding Hermite poly-
nomial. The wave function describing BEC is
presented in the form of the expansion in the suffi-
cient truncated basis as:
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W0 =D A (O (x),

k=0

®)

by $n+1$ eigenfunctions with time-dependent coeffi-
cients normalized by ZZ=O‘AIE (t)‘ =N. Below for

simplicity we omit some explicit $-$ dependencies
when it will not cause confusion.

Applying wavefunction (5) expanded by basis
functions (4) in partial differential equation (1) and
integrating by overall coordinate space we obtain or-
dinary differential equation depending on the evolu-
tion of the expansion coefficients as:

.04, 1 %
laitk = Ak(l)(k + 2) + ZAk1 .[—ka (x)%xt (x)\llkl (x)dx,
kl

(6)
where £ is the corresponding set of the states.
The form of the energy of the condensate when
interacting with the embedded particles is:

n
1
E =Y |4 k+— |+
ckz_:,)k( 2)

2 A A v O (W, ().
{k}

The set of equilibrium states 44(0) is established
through a process of energy minimization, which dif-
fers from the microscopic variational procedure de-
scribed in Ref. [23] and more corresponds to the
problem of the ground state of the condensate [24-
25]. This procedure involves minimizing the energy
of the BEC when interacting with the embedded par-
ticles located at the initial positions X;(¢) and X().

Now applying the condensate wave function (5)
in the classical Newton equation (2) we obtain the
contribution of the condensate by a set of coefficients
Ax(0) into the coordinate of the embedded particle in
the form:

dX; (1)

M4 == 0 2 A A [ Wi (Ve (O, ()
{k}

(7

@®)

We obtain a closed system of first-order nonli-
near differential equations and solve it numerically.
To ensure the accuracy of the numerical results, we
use a truncated basis of $n+1$ states, where $n$ is
the highest number of states required to maintain the
consistency of the results. In our case, we find that a
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truncated basis of 21 states is sufficient for the sys-
tems under consideration.

IV. Numerical results and discussions

With the numerical simulation we will demon-
strate trajectories of impurities Xj(¢) and a fidelity of
condensate:

2
2

FO= [ " (0w 00 )

n
D Ac 4 (0)
k=0

characterizing the change in shape and position of the
condensate by following evolution of the A4,(f) com-
ponents. Also, we will present density deformation of
the condensate from the initial state defined by

D(x,0) =y (x,0) P = y(x,0) . (10)

In a numerical calculation we consider a mass of
the impurities only the case when M = Nm, that
means mass of the impurity equal to total mass of
condensate and narrow width potential for § = 0.1.
Our primary objective is to compare the influence of
the interaction amplitude 7 and initial state X(0) of
the impurity on the dynamics of both the impurities
and condensate.
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Figure 1. Plot of trajectories of the impurities (a) and fidel-
ity of the condensate (b) defined by Eq. (9) for given initial
parameters of impurity as: ¥=-0.1, and X,(0)=1, X5(0)=—1.

Figure 1(a) presents the trajectories of two
impurities, (b) is fidelity of condensate for given
initial parameters. From Fig. 1(b) one can see that for
J=—0.1 interaction between condensate and impuri-
ties are considerably week to change condensate den-
sity and to affect to trajectories of its. Therefore,
fidelity is constant and in the Fig. 1(a) two impurities
are oscillating independently to the positions of each
other. Now, we increase the amplitude of potentials
of impurities to /=-0.1, that can lead deformation of
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ground states of parabolic potentials.
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Figure 2. Plot of (a) trajectories of the impurities, (b) fidel-
ity of the condensate defined by Eq. (9) and density defor-
mation of the condensate defined by Eq. (10) for given ini-
tial parameters of impurity as: V=-0.1, and X;(0)=1,
X(0)=—1.

Comparing Figs 1(a) and 2(a) one can see that
by increasing in ¥, oscillation frequency of impurities
in a condensate are increased. On the other hand, Fig.
2(b) it clearly shown that the fidelity is decreased
with the course of the oscillation frequency of im-
purities in Fig. 2(a). In addition, the dynamics of de-
formation Fig. 2(c) of the condensate demonstrates
how the fidelity of condensate changed. When two
impurities are in the center of condensate deformation
of condensate density Figs 2(a), (b) and (c) behave as
consistently, because when two impurities X;(f) are
located in a minimum of the parabolic potential, then
the density of condensate is strongly attracted by im-
purities and increased in the center and decreased at
the edge of condensate consequently. Also, the fideli-
ty is decreased to the minimum value which is about
5%. As a result, we have found that the dynamics of
two symmetrically embedded particles in the conden-
sate strongly depend on the attractive interaction be-
tween particles and condensate.

Now we assume that the second impurity X,(0)
initially embedded in the center of the condensate and
X1(0) is at some distance from the center. Then the

displacement of impurity X»(¢#) strongly coupled

with the motion of impurity X;(f) due to the interac-
tion through the condensate.
From Fig. 3(a), it follows that at a short time the

impurity X;(f) starts to move toward the origin of
coordinates and, at the same time, due to the large
mass, the impurity attracts the condensate to itself.
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Figure 3. Plot of (a) trajectories of the impurities, (b) fidel-

ity of the condensate defined by Eq. (9) and density defor-

mation of the condensate defined by Eq. (10) for given ini-

tial parameters of impurity as: V=-1, X;(0)=1 and

X5(0)=0.

In this time shifted condensate attracts the im-
purity X»(¢) located in the center of the condensate
toward the first X;(¢) impurity, thus appears nontrivial
coupled dynamics of the two impurities interacting
through the condensate. Fig. 3(a), (b) and (c) show
that the trajectories of two impurities strongly depend
on position of each other and deformation of the con-
densate which is strongly become irregular. Since, the
initial density distribution of the condensate is not
symmetric and shifted to the positive side from the
origin of the coordinate, therefore Fig. (c) shows that
the deformation of density mostly positive in negative
coordinate and negative in positive coordinate. At
some fixed point in time, the impurities return to their
original position, and the deformation of the conden-
sate vanishes. As a result, we found that the dynamics
of two asymmetrically embedded impurities in the
condensate and interaction through the condensate
strongly depend on the position of each other and the
deformation of the condensate.

V. Conclusion

In this study, we investigate the coupled dynam-
ics of two identical heavy impurities embedded in a
Bose-Einstein condensate that is confined by a har-
monical potential. We consider only the attractive in-
teraction between the condensate and the impurities
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while neglecting the self-interaction of the conden-
sate. By varying the initial parameters of the impuri-
ties, such as the amplitude of interaction with the
condensate and the initial position, we aim to demon-
strate the contribution of the condensate density to
the trajectory of the impurities.

Our results reveal that at sufficiently strong at-
tractive interaction between the condensate and the
impurities that can alter the initial state of the con-
densate, the trajectory of the impurities becomes
highly dependent on their initial position, leading to
irregular trajectories due to the deformation of the
condensate density.
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Boce-JiiHmTeiiH KOHAeHCATHAA HKKHTAa V3apo
TabCUPJAATH APATANIMAJIAPHUHT TUMHAMHUKACH

HI.H. MapL[01{0131’2’3

'"TUKXMMUM Mumiuii  TafKuKOT YHHBEPCHTETH Xy3ypHIArd
dyHaMeHTal Ba aMaluil TaaKuKoTiap UHCTUTYTH, Kopu Huésu
39, TomkenT 100000, V36exucron

2YiyrGexk HOMHIATH ACTPOHOMHS HHCTHTYTH, ACTPOHOMHS
kydacu. 33, 100052 TomkeHT, V36exucron

’Camapkani aBIaT yHHBEPCHTETH, MyXaHIHCIHK (H3MKAcH
WHCTUTYTH, YHHBepcuTeT mpocnektd, 5, 140104, Camapkang
V36exucron

Ymby  makoiaga — KBa3u-Oup-ymuoBiun  bose-
OWHIITEHH KOHJEHCATUAArM HKKUTa apajaliMajJapHUHT
JUHAMUKacuHM  ypranwnau.  byHpa — apanammanap
Ypracuaaru Tabcup (axkar KOHAEHCAT OpPKallk MaBXyJ Ba
TYTpUAAH-TYTPH TabCHP MaBXKyxd dMac 1eb Kapainu. Kon-
JIeHcaT Ba apalaliMa ypTacHIaru y3apo TabCUpP KydCH3 Ba
Kyd4d TOPTHIIyHYaH OyraH xojamiap ypranwigu. Acocas,
apajamManapHUHT JacTiiabku mapaMeTpIIapHHU
Y3rapTUpHII OpKald¥ KOHJAECHCAT 3WWINTHHHUHT apajaiiMa-
J1ap TPAeKTOPHUACUTA TAbCUPH KypCaTUIaIu.

Harmxanap nmyHun KypcaTaauky, apaialiMalapHUHT
TPAaeKTOpUsUIapU YJIApHHUHT JACTIa0KM MapaMeTpliapura
Ky4wIn OOFJIMK dKaH. AWHHKCa KOHJICHCAT Ba apajialiManap
ypracumard TOPTHUIIYBUAHIMK KOHAEHCAT 3UYIMTHHU
y3rapTupasural Japaxana Kywid OyiaraHia Ba apajaniMa-
Jap OONIIaHFUY JKOMJIaBYyB TYyKTaJlapu Xap-Xuj OyraHnia
nedopManusuIaHTaH KOHJCHCAT 3WWINTH apajalniaManap-
HUHT  TapTHOCH3  TpaeKTOpWsulapra Oiau0  KeJHIIH
KYpCaTuiiu.

Kanur cy3map: apanamva, boze-DiiHiuTeliHa KOHJEHcATH,
I'pocc-ITuTaeBckuii TeHrnama, HploTOH Kiaccuk TeHrnama.



