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В данной работе исследуется динамика двух примесей в квазиодномерном конденсате 
Бозе-Эйнштейна с учетом влияния амплитуды взаимодействия и начального состояния 
примеси на связанную динамику примеси и конденсата. Мы рассматриваем взаимодей-
ствие между примесями только через конденсат, пренебрегая какими-либо прямыми 
взаимодействиями. Путем изменения начальных параметров примесей продемонстриро-
ван вклад плотности конденсата в траекторию движения примесей. Результаты показы-
вают, что траектория примесей сильно зависит от их начального положения, что приво-
дит к нерегулярным траекториям из-за деформации плотности конденсата при доста-
точно сильном притягивающем взаимодействии конденсата с примесями. 

Ключевые слова: примеси, конденсат Бозе-Эйнштейна, уравнение Гросса-Питаевского, класси-
ческое уравнение Ньютона. 

This paper examines the dynamics of two impurities in a quasi-one-dimensional Bose-Einstein 
condensate, considering the effect of interaction amplitude and the initial state of the impurity 
on the coupled dynamics of the impurities and condensate. We consider the interaction be-
tween impurities only through the condensate neglecting any direct interactions. By changing 
the initial parameters of the impurities, the contribution of the condensate density to the trajec-
tory of the impurities is demonstrated. The results show that the trajectory of the impurities 
strongly depends on their initial position, leading to irregular trajectories due to the deforma-
tion of the condensate density at a sufficiently strong attractive interaction between the con-
densate and impurities. 

Keywords: impurities, Bose-Einstein condensate, Gross-Pitaevskii equation, classical Newton equation.

 

I. Introduction 

The study of impurities in a Bose-Einstein con-
densate has been an active area of research in the field 
of condensed matter physics for several decades [1-2]. 
Recent experimental advances have enabled research-
ers to study the motion of heavy impurities or polarons 
within a Bose-Einstein condensate [3]. The quasipar-
ticles known as polarons find wide-ranging applica-
tions in condensed matter physics, including magnetic 
phenomena and lattice deformation properties [4-6]. 

The study of impurities in a Bose-Einstein con-
densate confined by a harmonic potential has been 
shown to have important implications for understand-
ing the dynamics of Bose-Einstein condensates in a va-
riety of experimental setups [7, 8].  

The dynamics of the system are described by the 
Gross-Pitaevskii equation for the condensate and the 
classical Newton equation for the impurities [9]. The 
Gross-Pitaevskii equation is a mean-field theory that 
describes the dynamics of a Bose-Einstein condensate  
in terms of a macroscopic wave function. The classical 
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Newton equation describes the motion of the impuri-
ties in the system. 

The motion of heavy impurities in a Bose-
Einstein condensate has been studied extensively in re-
cent years. A number of studies have focused on the 
formation and dynamics of polarons in a Bose-Einstein 
condensate [10-17]. Other studies have focused on the 
dynamics polaron forming impurities in a quasi-one- 
and two-dimensional Bose-Einstein condensate con-
fined by a harmonic potential [18-21]. In addition, the 
motion of impurities in a Bose-Einstein condensate has 
been studied in the context of quantum simulations and 
quantum information processing [22]. 

In this paper, we study the coupled motion of two 
heavy impurities attractively interacting only through a 
quasi-one-dimensional Bose-Einstein condensate con-
fined by a harmonic potential. We use a direct numeri-
cal solution of the system of Gross-Pitaevskii and clas-
sical Newton equations to study the dynamics of the 
system. We show that the motion of the attractive inte-
racting two impurities and the condensate is strongly 
coupled and depends critically on the initial parameters 
of the system, namely on the initial positions of the 
impurities and interaction amplitude. Our results dem-
onstrate the importance of understanding the dynamics 
of heavy directly non coupled impurities in a Bose-
Einstein condensate and the effect of the initial para-
meters on the motion of the system. 

II. Model and equations of motion 

We consider non-self-interacting quasi-one-
dimensional Bose-Einstein condensate characterized 
by wave function ψ(x,t) located in a parabolic poten-
tial. We assume that two impurities formed by exter-
nally embedded particles have interaction only 
through the condensate. In what follows we set,          
ħ ≡ m ≡ ω ≡ 1, where ħ is a reduced Plank constant, m 
is condensate particle mass and ω is the frequency of 
the harmonic potential. It is assumed that the ψ(x,t) is 
normalized to the total number of particles in the con-
densate N>>1. The system is described by the Gross-
Pitaevskii equation,  

2 2

ext2
1( , ) ( , ) ( ) ( , )
2 2

xi x t x t x x t
t x

⎛ ⎞∂ ∂
ψ = − + ψ + ψ⎜ ⎟∂ ∂⎝ ⎠

V , 

(1) 
where 

( ) ( )ext 1 1 2 2( ) ( ) ( ) .x x X t x X t= − + −V V V  

The 1 1( ( )) ( , )x X t x t− ψV  and ( )2 2 ( ) ( , )x X t x t− ψV  
terms describe the local interaction of the BEC with 
embedded movable impurity located at the time-
dependent positions X1(t) and X2(t). We assume that 
the impurities have the same masses M and potentials. 
In what follows we choose a narrow attracting poten-
tial ( )2 2( ) exp / 2i iz V z= − δV , where V<0 is the am-

plitude and δ is the width, common for both embed-
ded particles. 

We consider sufficiently heavy, with respect to 
the condensed particles, embedded particles such that 
the evolution of their positions is described by the 
classical Newton equation:  

2
[ ]

2
( ) ( ( ), ( )).ii

c i j
d X tM X t X t

dt
= F              (2) 

The time-dependent force between the conden-
sate and the impurity i depends on the positions of 
both the particles and has the form [16]: 

[ ] 2
( ) ext( ( ), ( )) ( ) | ( , ) | ,

i

i
c i j X tX t X t x x t dx

∞

−∞
= −∂ ψ∫F V  (3) 

Here, the interaction with condensate produces a 
relatively small albeit well-visible effect. Please note 
that when impurities are present, their interaction with 
each other can be approximated as an interaction via 
the condensate. This is because the presence of an im-
purity particle at point Xj(t) modifies the condensate 
density at the position of another impurity particle at 
Xi(t) point. The system of equations (1)-(3) describes 
all dynamics parameters of the system. 

III. Expansion by basis function and the 
energy of the system 

To obtain a numerical solution of the Gross-
Pitaevskii equation, we express the wave function 
ψ(x,t) of the condensate as a series expansion of the 
eigenfunctions in relation to the parabolic potential. 
This potential eigenfunctions are indexed by the vari-
able k and is used as the basis for the expansion:  

( ) 2

1/4 1/2( ) exp ,
2(2 !)

k
k k

H x xx
k

⎛ ⎞
ψ = −⎜ ⎟

π ⎝ ⎠
             (4) 

where, Hk(x) being the corresponding Hermite poly-
nomial. The wave function describing BEC is       
presented in the form of the expansion in the suffi-
cient truncated basis as: 
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while neglecting the self-interaction of the conden-
sate. By varying the initial parameters of the impuri-
ties, such as the amplitude of interaction with the 
condensate and the initial position, we aim to demon-
strate the contribution of the condensate density to 
the trajectory of the impurities.  

Our results reveal that at sufficiently strong at-
tractive interaction between the condensate and the 
impurities that can alter the initial state of the con-
densate, the trajectory of the impurities becomes 
highly dependent on their initial position, leading to 
irregular trajectories due to the deformation of the 
condensate density. 
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Ушбу мақолада квази-бир-ўлчовли Бозе-
Эйнштейн конденсатидаги иккита аралашмаларнинг 
динамикасини ўрганилди. Бунда аралашмалар 
ўртасидаги таъсир фақат конденсат орқали мавжуд ва 
тўгридан-тўгри таъсир мавжуд эмас деб қаралди. Кон-
денсат ва аралашма ўртасидаги ўзаро таъсир кучсиз ва 
кучи тортишунчан бўган ҳолатлар ўрганилди. Асосан, 
аралашмаларнинг дастлабки параметрларини 
ўзгартириш орқали конденсат зичлигининг аралашма-
лар траекториясига таъсири кўрсатилади.  

Натижалар шуни кўрсатадики, аралашмаларнинг 
траекториялари уларнинг дастлабки параметрларига 
кучли боғлиқ экан. Айниқса конденсат ва аралашмалар 
ўртасидаги тортишувчанлик конденсат зичлигини 
ўзгартирадиган даражада кучли бўлганда ва аралашма-
лар бошланғич жойлавув туқталари ҳар-хил бўганда 
деформацияланган конденсат зичлиги аралашламалар-
нинг тартибсиз траекторияларга олиб келиши 
кўрсатилди. 
Калит сўзлар: аралашма, Бозе-Эйнштейна конденсати, 
Гросс-Питаевский тенглама, Ньютон классик тенглама. 


