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Ma3skyp wmna Ou3 AWCKCUMOH ¥3 TpaBUTALMSUIAHYBUM cHcTeManap ¢aszaBuil ¢aszocuma
IBOJIIOLMSIHUHT JACTIa0Ky OOCKMUYMAa MyXUM YpHUH 3raJUIOBYM KY4JIM HOCTALIMOHAP CTOXAaCTHK
xapa€unapHu yprauauk. Typnu mypakkab xapakrtepra sra taconubuil Tabcupiap €paaMuia
Oenrwianrad (asaBuil XaXXKMHUHT Y3MHU TYTUIIMHU XaOTHK TabCUPJIap MOJEIN acOCHIa COHJIN
Xx1co0 KUTOOIApU amMalra OIUpPUIIIH.

B paboTe u3y4eHbI CHIIbHBIE HECTALOHAPHBIE CTOXACTHUECKUE IPOLECCHl, KOTOPhIE MMEIOT MECTO B
(a30BOM IPOCTPAHCTBE AUCKOOOPA3HBIX CaMOTPAaBUTHPYIOINX CHCTEM HAa Ha4yaJlbHON HECTaI[OHAp-
HOW cTaauu MX 3BojrolMU. UHCIIeHHbIE pacyeThl NPOBOJWIM HAa OCHOBE MOJICNIM XAaOTHYECKOIO
BO3JICHCTBHS, COITIACHO KOTOPOM BBIZEICHHBIN (ha30BbIii 00bEM HCIIBITHIBACT CIIyYaifHble BO3AEHCTBYS,
HMMEIOUINE Pa3JInYHbIN U CII0XKHBIN XapakTep.

We study strongly non-stationary stochastic processes which take place in the phase space of disk- like
self-gravitating systems at the early stage of their evolution. Numerical calculations were carried out
based on the model of chaotic effects according to which the selected phase volume is experienced by
random pushes that have diverse and complicated character.

Introduction. As is well known, at the initial nonstationary stage of evolution of a
collisionless self-gravitating system the phase mixing takes place always, which tends to
bring the system closer to a state that is quasi-stationary in a regular field (see, for
example, [1, 2] and references therein). The statistical mechanics of the strongest
nonstationary case was first studied by Lynden-Bell [3], who called the corresponding
physical process “violent relaxation”. He suggested that the latter can effectively erase all
traces of the initial conditions and can lead nonlinear non-stationary system to a certain
quasi-equilibrium state. Thus, in [3] a finite coarse grained velocity distribution was
predicted, which coincided with the Fermi-Dirac law. After this work, there was a large
influx of publications [1] in order to verify the results of Lynden-Bell and his predictions
by means of numerical experimental methods. As it turned out, that the prediction about
the specified final state can take place only under extremely unsteady initial conditions
and, moreover, only within the framework of one-dimensional consideration of the
mixing phenomenon. Note that the classification of types of phase mixing depending on
the non-stationarity degree of the system was first proposed in [2, 4]. Below we consider
only compulsive mixing of the authors of [2, 4] which involves the violent relaxation of
Lynden-Bell in the form of a particular case.

During the compulsive phase mixing and especially in the case of limiting type in
the form of violent relaxation, any small phase volume of the system cannot evolve
independently, but almost completely obeys the general gravitational field, and the latter
at an arbitrary point in the phase space can be changed stochastic over time. As a result,
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there is obviously a continuous change in the shape of the phase volume which is also
having a random nature. It can be noted that the phase volume is subjected to a series of
random pushes of varying intensity, playing, for example, rotational or deforming role.
Therefore, it is necessary to apply a statistical approach to describe and study the phase
evolution of an obviously nonstationary collisionless system.

Phase model of chaotic impacts. According to the model of the author [4], some
selected phase volume is subjected to chaotic effects. Due to the strong non-stationarity
of the self-gravitating system, the gravitational field changes dramatically not only in
time, but also in space with a variable gradient, leading to compulsive mixing in phase
space. As much as any point and an arbitrary element of the phase space behave
randomly and to describe and study the phase evolution of an obviously non-stationary
collisionless system, it is convenient to apply the statistical approach.

The mechanism of statistical stretching can be modeled as follows. Let the impact on
the phase element at the moment of time ¢ be described by the matrix M, where n=¢/1,
T — the average time interval within which two consecutive punches can be considered
random. Then the degree of stretching of the phase element at time ¢ is characterized by
the eigenvalues of the matrix

Rﬂ :MI’IMVI—I"'MI’ (1)
where M; are random matrices. Indeed, if there is a sphere in the initial state
g’ =1, Q)

where
‘7 = Q(X,y,"xavy) B
then after the first impact we have g, = M,q . Substituting into (2), we get

GmmY'g =1, 3)

where the symbol 7" means the matrix transposition. As much as this is an equation of an
ellipse, its semi-axes are determined by the eigenvalues of the matrix M, and then M, ...
M,.

Let M; = A(k;) with probability p and M; = B(a) with probability 1-p. Any two
matrices must satisfy the following conditions:

AB#BA, AG+#Bj#q, |detd|=|detB|=1. (4)
The sense of the first two conditions is clear, and the latter means the conservation of

the phase volume according to the Liouville theorem. As an example, we can take
following matrices

kk 00 0 cosaa 0 0 —sina

0 kb 00 0 100
AkR)=10 0 k1o Bo=1y o1 0 [

00 0 k' sinaa. 0 0 cosa

where A(k) is a deformation matrix, B(a) is a rotation matrix (o is the angle with a
random distribution in the interval [0, 2x], k; is the coefficients of stretching and
compression on the main axes).
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Let us denote the eigenvalues of the matrix M, by ,; (i = 1,2...) and A,,;:>Ap>... >\,
where p is the dimension of the system. Then the expression

Ny = 1/ m)In(h; /A1) )

determines the rate of stretching of the volume on time. To determine the statistical
characteristics of the process, we need to repeat the calculation of 1,; many times and
average it by the number of realizations m, hence, we can calculate n,; and its dispersion

o, )
q1/2

- m m 2
Z nni Z 11ni
i=1 i=1

m m

O; (nﬂ l’l) =

averaging over m for each n with a value of p = 4, which corresponds to a disk-shaped
system.

Algorithm for calculating the evolution of the phase element. Based on the above
method, we wrote a computer program, the algorithm of which is shown below in
graphical form (Fig. 1). According to the phase model of the chaotic effects, at the
beginning we enter the values s, (upper limit of the step), mm.x (upper limit of
realizations number), p (probability of deformation), ep; (a number close to zero), but
later the value of the step varies depending on the values of the dispersion, i.e. with
increasing number 7, the dispersion ,(n,7n) should tend to zero. If the first entered value

of the ny,x is not sufficient for such approximation, then the step limit will increase and
the process will continue until the dispersion is close enough to zero.

One of the main parts of the program is a block where we use the generator of
random number that lies in the interval [0,1]. In the beginning we have a circle. Next, the
generator of random numbers determines randomly what kind of push will be applied at
time ¢. Thus, the original form begins to change gradually after each push. Using the
function that determines the eigenvalues of the matrix, we find A,. This operation
continues my,x times. At the end of the cycle m, we determine the degree of stretchability
of selected phase volume. By averaging each step n over the number of realizations m, the
values of dispersion o;(n,n) are determined. But in the process of averaging one requires

to accommodate the determination accuracy of A.

The results of calculating the evolution of a phase element. Based on the phase
model of chaotic effects by the method of random matrix and the developed algorithm,
we conducted a numerical experiment on random effects on a selected volume.

As noted above, the acting matrices were A(k;) and B(a), that have deforming and
rotational character, respectively. By varying the amount of a particular type of impact,
we investigated the behavior of the selected phase volume. As much as we are dealing
with a stochastic process, we also tested the central limit theorem of probability theory
[5].

Our calculations show that the variance of the products R = MM,...M, of
independent positive random matrices M;, i = 1, 2, ..., n, for large n obey to the law

-1/2
G[(nan) ~n .
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Fig. 1. Algorithm of a computer program for calculating the evolution of a phase element with two
types of random matrices.
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Fig. 2 shows the results of dispersions and the verification of the above law. From
the obtained results it can be seen that the limit of the values of n depending on the value
of the probability p varies in the limit 200<r<1000, i.e. this limit for this type of random
matrix indicates the specific characteristic times of the phase mixing phenomenon which
depends on the nature of the effects.
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Fig. 2. Dependences of o,(n,n) and o; (M, n)Nn™" onstep natp=0.1and 0.5

Conclusion. Main results of this work are the following. It is simulated compulsive
phase mixing process by using production of random matrices. Our modeling takes place
in a four-dimensional phase space with two types of matrices. The possibility of choosing
suitable matrices describing the effects of different degrees of intensity is shown.
Numerical realizations are performed for strongly non-stationary systems by the method
of production of random matrices in a four-dimensional phase space. The limit of the
values of n changes at p = 0.1 five times more than in the case when the contribution of

both types of matrix is the same. It is checked the central limit theorem of probability

theory which states the law o,(n,n) ~ n V2,

In the following papers, we will investigate the evolution of the selected phase
volume for spherical systems.

The work is carried out within the framework of project Ne. OT F-2-13 of the
Ministry of Innovation Development of the Republic of Uzbekistan.
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